THE RANGE OF HOLOMORPHIC MAPS AT BOUNDARY POINTS 



FILIPPO BRACCI* AND JOHN ERIK FORN^SS 

Abstract. We prove a boundary version of the open mapping theorem for hofomorphic 
maps between strongly pseudoconvex domains. That is, we prove that the focal image 
of a hofomorphic map f : D ^ D' close to a boundary regular contact point p e dD 
where the Jacobian is bounded from zero along normal non-tangential directions has to 
eventually contain every cone (and more generally every admissible region) with vertex 
at fip). 



1. Introduction 

Let / : D — i- D be holomorphic. If lim(o,i)9r^i f{r) = 1 and L := liminf^_j.i '''~^|^^^-'^ < 
+00, the point 1 is called a boundary regular fixed point for / and, thanks to the classical 
Julia- Wolff-Caratheodory theorem (see, e.g. PP), it follows that / has non-tangential limit 
1 at 1 and /'(C) has non-tangential limit L at 1. In particular, / is isogonal at 1 and 
hence it maps angles in D with vertex at 1 into angles with vertex 1 and equal amplitude. 
Such a result has an interesting quantitative interpretation: every angle with vertex at 1 
is eventually contained in the local image of / at 1. This can be considered a boundary 
version of the open mapping theorem, and it is the best one can say about the range of 
one-dimensional mappings close to boundary points. 

In higher dimension, W. Rudin |9] for the unit ball and M. Abate [H [21 E] for strongly 
(pseudo) convex domains generalized from a qualitative point of view the classical Julia- 
Wolff-Caratheodory theorem. Such a theorem can be seen as a description of the possible 
one-jets for holomorphic mappings from a strongly pseudoconvex domain into another, 
close to a boundary point which is non-tangentially mapped to another boundary point. 
In this optic, in [6] a full description of all jets of such mappings, given some smooth 
extension, is provided. However, the question on how big the local image of the map 
close to the boundary point really must be, is not answered from the higher version of the 
classical Julia- Wolff-Caratheodory theorem. The aim of the present paper is precisely to 
give an answer to such a question. 

In order to state our result, we need to introduce some notations (see Sections [2] and |3] 
for details). Let D, D' C C" be two bounded strongly pseudoconvex domains with smooth 
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boundary. Let p G dD and let f : D ^ D' be holomorphic. Assume 

. ^ distjf {z),dD') ^ , 
limmf r.^. < +00. 

Such a condition is natural and it is precisely the analogous of the one assumed in the 
classical Julia- Wolff-Caratheodory theorem. The point p is then called a regular contact 
point and Abate's version of the classical Julia- Wolff-Caratheodory theorem implies that 
there exists q G dD' such that / has non-tangential limit q at p. Without other assump- 
tion, the local image of / close to p can be very thin (although in Corollary 12.61 we prove 
that, for D = D' = M"' the unit ball of C", the local range of / at p has to be Kobayashi 
asymptotic to every cone with vertex at q). This is not very surprising, since the same 
happens for points inside D whenever the Jacobian of / is zero. 

We say that the point p is a super-regular contact point provided det df^ is bounded 
from zero when z tends to p non-tangentially along the normal direction to dD at p (see 
Definition [SH]). In particular, if / is of class at p, the point p is super-regular provided 
det dfp ^ 0. 

Let B(x, R) denote the Euclidean ball of center x G and radius R > 0. Our main 
result is the following: 

Theorem 1.1. Let D,D' C C" be two bounded strongly pseudoconvex domains with 
smooth boundary. Let f : D ^ D' be holomorphic. Assume p G dD is a super-regular 
contact point for f . Then there exists a point q G dD' such that for every 77 > and for 
every coneC C D' with vertex atq there exists 5 > such that CnM{q,6) C f(M{p,ri)nD). 

The conclusion of Theorem 11.11 holds more generally for the so-called admissible sets, 
namely, for those sets in D' which are asymptotic to cones in the Kobayashi distance (see. 
Section [3] and Theorem 13.61) . 

The proof of Theorem 11.11 is based on the corresponding theorem for the unit ball. In 
Section [2] we study the local image of holomorphic self-maps of the unit ball close to a 
regular and super- regular fixed point. In particular, the key result is Theorem 12. Ill a sort 
of boundary Kobe 1/4-theorem, where we prove that the image close to a super- regular 
fixed point must contain all the Kobayashi balls of a fixed radius which are centered at 
points of the image of an angle in the normal directions. With such a result at hands, 
we get Theorem 11.11 (and its general version for admissible sets Theorem 13.61) by suitably 
embedding strongly pseudoconvex domains into the unit ball, using a recent result by the 
second named author with E. F. Wold and K. Diederich, see Section [31 

As an application of our result, in Theorem 14. 11 we prove that if f : D ^ D' is univalent 
and X G dD is a super- regular contact point for /, then for every regular contact point 
y G dD \ {x} it holds f{x) ^ f{y)- Contrarily to the one- dimensional case (where regular 
and super-regular points coincide), this is the best one can say. In fact, in Example 14. 2 1 we 
construct a univalent map of the unit ball having (±1, 0, . . . , 0) as regular contact points 
(but not super-regular) such that /(I, 0, . . . , 0) = /(—I, 0, . . . , 0). 
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2. The unit ball 

For a point a G C" and r > let denote by B(a, r) := {z G C" : \\z — a|| < r}. As 
customary, we let := B(0, 1) and denote by Ci = (1, 0, . . . , 0). 
Let 77 : C" — 7> C" be defined as 7r(z) = 7r(zi, . . . , Zn) = (zi, 0, . . . , 0). 
Let k^n denote the Kobayashi distance in B". Recall that 

kv,n{a,b) = - log 



2 "l~\\Tay 

where : B" — B" is any automorphism such that Ta{a) = 0. We will use such an 
explicit formula in case 6 = 7r(a). A direct computation from the explicit form of the 
automorphisms of B" (see, e.g., p4 p. 358] or below) gives 

(2.1) ||T,(7r(a))f = 1 ^ 



12' 



For a subset A C B" and 2; G B" we let k^n^z, A) = inf^^gA A;b"(-2, w). 
Also, for z G B" and i? > we let Bk{z, R) denote the Kobayashi ball of center z and 
radius R. 

Definition 2.1. Let / : B" — )• B" be holomorphic. The point ei = (1, 0, . . . , 0) is said to 
be a boundary regular fixed point of / if 

(1) afie^) := liminf,^,, < +00, 

(2) lim(o,i)9r.-,i /(rei) = d. 

Let R > 1. The set {z G B" : |1 — Zi\ < R{1 — \\z\\)} is a Koranyi region of vertex 
Ci and amplitude R (see [I] Section 2.2.3]). In [D] Section 5.4.1] a slightly different but 
essentially equivalent definition is given and used. In order not to excessively burden the 
notation, since we are only working at ei, from now on, when we talk about Koranyi 
regions, we will always mean Koranyi regions of vertex ci. 

Let / : B" — 7- C" be a holomorphic map. We say that / has K-limit L at ei - and we 
write K-limz^ei f{z) = L - if for each sequence {zk} C B" converging to ei such that 
{zk] belongs eventually to some Koranyi region, it follows that f{zk) — )■ L. 

Let M > 1. We denote by C{M) := {z eW : ||ei - z\\ < M(l - ||z||)} a cone of vertex 
Ci and amplitude M. Also, let M > 1, s G (0, 1). We say that / has non-tangential limit L 
at Ci and we write Z lim2_^ei f{z) = L, if for each sequence {zk} C B" which is eventually 
contained in a cone of vertex ci and amplitude M > 1, it follows that f{zk) — )■ L. 

In dimension one, Koranyi regions and cones are one and the same and in fact, study- 
ing boundary behavior of holomorphic mappings in the unit disc, it is natural to consider 
non-tangential limits. However in higher dimension cones are contained in Koranyi re- 
gions, but the first are "too small" and the latter "too big" and one is forced to consider 
intermediate sets, which can be tangent to the unit ball in complex tangent directions 
but are "asymptotic" in hyperbolic terms. 



4 F. BRACCI AND J. E. FORNiESS 

Definition 2.2. Let A C B" be such that ei G A. We say that A is admissible at ei if 
for every e > there exists 6 > and M > 1 such that 

(1) 7r(AnB(ei,(5)) C C(M) 

(2) k^n{z,n{z)) < e for every z E Ar\M{ei,5). 

We say that / has restricted K-limit (or admissible limit) L at ei - and we write 
Z/^hm^^ei /(-z) = - if for each sequence {z^} C converging to ei such that {zk} is 
admissible at Ci it follows that /(-z^) — ?• L. 

Note that if a sequence {z^} C B" converging to Ci is admissible at Ci, then (z^, ei) — )• 1 
non-tangentially in D and 

lim kM^{zk,TT{zk)) = 0. 
By ( I2.ip . this latter condition is equivalent to 

\\zk - {zk,ei)eif^ 



1 - |(^fc,ei)|^ 

One can show that 



^ 0. 



K- lim f{z) = Zk lim f{z) = L ^ Z Mm f{z) = L, 

z—^ei z— )-ei z— >ei 

but the converse to any of these implications is not true in general. 

Lemma 2.3. Every cone C{M) in B" with vertex Ci and amplitude M > 1 is admissible 
at ci. 

Proof. Let C{M) be a cone with vertex ci and amplitude M > 1. Let e > 0. We want to 
prove that there exists 5 > such that 

fcBn(;z,vr(z)) < e V;z G C(M) n B(ei, 5). 

By ( 12. ip . this is equivalent to prove that for each 77 > there exists 5 > such that 

(2.2) t^4^^<^ e C(M) nB(ei,5). 

1 — \zi\^ 

But, 

Wz-ziCiW^ Ik - 2;iei|n|ei - llz - eill 1 - ||2;|| 11^,^11 n 

< M j — -||ei — z\\ < M\\ei — z\\, 



1 — \zi\^ 11^ — eiP 1 — l+|^i| 1 — 

and therefore, if 5 is sufficiently small, (12. 2p follows. □ 

The following result is due to Rudin [9]: 

Theorem 2.4 (Rudin). Let / : B" — )■ B" he holomorphic. Suppose that Ci is a boundary 
regular fixed point for f . Then K-\im.z-^f,^ f{z) = ci. Moreover, 

(1') {dfz{ei), ci) and {dfz{eh), Ck) are hounded in any Kordnyi region for h., /c = 2, . . . , n. 
(1 ) {dfz{ej), ei)/(l — ziY^'^ is bounded in any Kordnyi region for j = 2, . . . ,n. 
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[l'") (1 — Ziy^'^{dfz(ei), Cj) is bounded in any Kordnyi region for j = 2, . . . , n. 



(2) ZKlim,^e,i4Sr^=«/(ei). 

(3) Zxlim2^ei(c?/z(ei),ei) = a/(ei), 

(4) Zx lim^^ei {dfziej), ei) = for j = 2, . . . ,n. 

(5) Zk lim.^e, = /or J = 2, . . . , n. 

(6) Zxlim^->ei(l - 2;i)^/^(rf/^(ei),ej) = forj = 2, . . . ,n. 

2.1. Automorphisms of B". Automorphisms of the unit ball are linear fractional maps 
of C" which maps B" onto B" (see, e.g. [9], Section 2.2]). In particular they extend 
holomorphically past the boundary of the unit ball and they map the intersection of the 
unit ball with a given complex line onto the intersection of the unit ball with another 
complex line (for details see [5]). In what follows we need to consider two special families 
of automorphisms of the unit ball. Namely, we will use a particular type of hyperbolic 
automorphisms given by 

^ ^ (coshtp zi + sinhtp, ^2, • • • , ^n) 
^ ' ' to[z) - g.^^^^ + coshto 

where to ^ 1^ \ {0}. A direct computation shows that $fp(ei) = Ci, that ^to{~^i) = 
(and hence $to(© x {0}) = D x {0}) and a$,^(ei) = e^^to^ Moreover, detci($iJo = 
(cosh to) Note also that given r G (—1,1), setting to = |logY3^! it follows that 
$to(0) = rei. 

Also, we will make use of the parabohc automorphisms of B". Recall that an automor- 
phism T of the unit ball fixing ei and with 0:7^(61) = 1 is called a parabohc automorphism 
(fixing ei). 

Let H" := {(wi,w") G C x C"^"*^ : Rewi > be the Siegel domaim The (general- 

ized) Cayley transform C : B" — )• defined by C{zi,z") = (1 -|- Zi,z")/{1 — zi), where 
as usual we set z" = {z2, . . . , Zn), is a biholomorphism. By [5| Proposition 4.3], if T is any 
parabolic automorphism of B" fixing ei then 

(2.4) CoTo C-\wi, w") = {wi + 2{Uw", a) + c, Uw" + a), 

where [/ is a (n — 1) x (n — 1) unitary matrix, a G C""""*^ and Rec = 

Given Zq G B", let R{zq) := ^^-p'o^p^ • Then, there exists a parabolic automorphism 
such that T^^izo) = |~^|^°| ei. Indeed, set wo = C{zo), U = id, a = —w^, Rec = ||wo|p 
and Imc = — Im (wo)i in the right-hand side of (12. 4p and call Tz^^{w) such a map. Then 
T,„(^o) = C-\t,iCizo)) = C-\Re (woh - |Kf , 0, . . . , 0) 

^|l-(zo,ei)r^'---'^y' l + i?(^o) 

A direct computation (or see [5l eq. (4.2)]) shows that for any parabolic automorphism 
T of the unit ball det dT^^ = 1. 
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2.2. Range close to boundary regular fixed points. Define the Stolz angle 
K{M, s) := {C G © : < M, |1 - C| < s}- 

Notice that K{M,s) is the intersection of a Koranyi region/a cone of vertex ei and 
amphtude M with the shce Cei and the Euchdean ball B(ei, s). In particular, if (7 : B" — )■ 
C" is a holomorphic map such that Zlim2_>ei g{z) = L, then iiiOLiK(M,s)BC^i diC^i) = L. 
As a matter of notation, let K{M, s)ei := {z eW : z = (eiX ^ K{M, s)} 

Proposition 2.5. Let / : B" — > B" 6e holomorphic. Assume that Ci is a boundary regular 
fixed point of f . Then for every e > 0, M > 1, t G (0, 1) there exists s = s(e, M, t) > 
such that /cBn(z, f{K{M,t)ei))) < e for all z G K{M, s)ei. 

Proof. First of all, we assume that a/(ei) = 1. For a given s G (0, 1) consider the complex 
curve K{M,s) 3 ( /(C^i) G B". By Theorem 12. 4[ it follows that such a curve is 
continuous up to the closure of K{M, s). 

We claim that, for each M > 1 and each e > there exists sq = so(M, e) G (0, 1) such 
that for all fixed s G (0, Sq) it follows 

(2.5) fcB"(/(Cei),7r(/(Cei)))<| VCGir(M,.). 

Thanks to (12.11) . claim (12. 5p is equivalent to the claim that for each M > 1 and each 6 > 
there exists Sq = So{M, 6) G (0, 1) such that for all fixed s G (0, Sq) it holds 

.... ll/(Cei)-vr(/(Cei))f y,^r,(M ^ 

^ l-|k(/(Cei))P VCGir(M,.). 

In order to prove this, we write 

||/(Cei) - vr(/(Cei))f l|/(Cei) - 7r(/(CeO)f |1 - CI |1 " /i(Cei)| 



k(/(Cei))P l(l-C)^/^P |l-/i(Cei)| l-|/i(Cei) 

=: h,iC)-h2{C)-h,{(). 



By Theorem EH (2) and (5), the functions K{ M, s) 3 ( ^ hi{C) and K{M, s) 3 ( ^ /12(C) 
are (uniformly) continuous on the compact set K{M, s). Moreover, \imK(M,s)3(^i ^i(C) = 
0, while limis:(M,s)3C->i ^2(C) = 1- As for the function h^, we notice that the function 
g{() := /i(Cei) is a holomorphic self-map of the unit disc, having 1 as a boundary regular 
fixed point because of Theorem I2.4[ (2) and since 

a,(l) < hminf ^-^^ < liminf ll^M^ = 1. 
r^l 1 — r r--s>l 1 — r 

Therefore for any C G D such that ^Ej^ < M, 

\i-9{0\ |i-^7(C)l|i-CI 1-ICI 



i-|^?(C)l li-CI i-|C|i-|^?(C)l 
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is bounded from above by a constant depending only on M because of the classical Julia- 
Wolff-Caratheodory (that is, Theorem 12.41 for n = 1). Hence, h^{() is bounded from 
above. Thus, (12.61) follows. 

Next, we claim that for each M > 1 and each e > there exists Si = Si(M, e) G (0, 1) 
such that for all fixed s G (0, Si) it follows 



(2.7) 



/^B"(Cei,vr(/(Cei))) < - 



VC G K{M, s) 



Let h{Q := /i(Cei). Thus /i : D — )■ D is a holomorphic function and, as before, 1 is a 
boundary regular fixed point of h. Moreover, from Theorem 12.41 (2) and since we assumed 
a = 1, it follows that ^^(l) = 1. Now, 



1 + 


c- 


-hiO 


1- 




1 - 


c- 


-HO 


1- 


-(HO 



^B"(Cei,vr(/(Cei))) = MCMO) = 2 



hence (12.71) follows as soon as we prove that for each M > 1 and each S > there exists 
si = si{M, 6) G (0, 1) such that for all fixed s G (0, si) it holds 

C-MC) 



(2.8) 

Let diO := (: 
(2.9) 

By Theorem 12.41 for n 



1 - CHO 

hiO)/{l - and a(C) 



<6 VCgK(M,s). 
= (1-0/(1-0- Thus 



C-HO 




1 - ^(0 


1 - CHO 




«(0 + C^(0 



1 it follows that d(Q is (uniformly) continuous on the compact 
set K{M, s) and d{C) 1 as K{M, s) 9(^1- Moreover, if s < 1/2 then ReC > 1/2 
and then Rea(0 > —1/4. Hence, if s is sufficiently small, it follows that the real part 
of the denominator of the right hand side of (12.91) is bounded from below by a constant 
c > for all C G K{M, s). As a result, if we choose s sufficiently small, (12.81) holds. 

Now, fix e > 0, M > 1 and t G (0, 1). Choose Sq, Si such that ([23]), 1^1^ hold, and let 
s := min{t, Sq, Si}. Let z G K{M, s)ei, hence 

V(/(i^(M,s)ei),0 < hn{f{z),z) < h.{z,7c{f{z))) + hn{7T{f{z)),f{z)) < e. 

To end up the proof, we need to consider the case a := a;/(ei) 7^ 1. Let $ be an 
hyperbolic automorphism of B" of type (12. 3p with Q;$(ei) = a~^. In particular, since 
the first component is a Mobius transformation of C, it follows that for all s G (0, 1) 
there exists s'{s) G (0,1) such that ^{K{M, s'{s))ei) = K{M,s)ei. Using Theorem [231 
it is easy to see that the holomorphic self- map (7 := / o $ of B" has the property that 
ei is a boundary regular fixed point of g and ag(ei) = 1. Let e > 0,t G (0,1) and 
M > 1. Let t'{t) G (0,1) be such that <l>{K{M,t'{t))ei) = K{M,t)ei. We apply the 
result already proven to g, finding s > (in fact, for what we have proven, s = t'{t)) such 
that kMn{z,g{K{M,t'{t))ei)) < e for all z G K{M,s). By construction g{K{M,t'{t))ei) = 



8 



F. BRACCI AND J. E. FORNiESS 



/($(ir(M,t'(t))ei) = f{K{M,t)ei) and therefore h^z, f{K{M,t)ei) < e for all z e 
K{M, s)ei, as wanted. □ 

Corollary 2.6. Let / : B" — t- B" be holomorphic. Assume that Ci is a boundary regular 
fixed point of f . Then for every e > and t G (0, 1) and for every A C B" admissible at 
Ci there exists 6 > such that ksn[z, f{K{M,t)ei)) < e for all z G AnB(ei,5). 

Proof. Fix e > and t G (0, 1). Let 5i > be such that 7r(A n B(ei, C K{M, Sx)e\ 
for some S\ G (0, 1) and k%-n.{^z,Tx{zy) < ejl for all 2; G A fl B(ei,5i). Let sq G (0, 1) be 
such that k^n{z, f{K{M,t))) < e/2 for all z G K{M,So)ei. Let 6 := min{t, Sq, Let 
z e An B(ei, 5) C A n B(ei, Hence 7r{z) G fC(M, sq) and 

k^r.{zJiK{M,t)ei)) < V(2;,7r(z)) + V(vr(^),/(ir(M,t)ei)) < e, 

and the proof is completed. □ 

Example 2.7. In general, Corollary 12.61 is the best one can say, namely, the image of a 
holomorphic map close to a boundary regular fixed point can be very thin: just consider 
the simple example / : B^ — ?► B^ given by f{zi,Z2) = {zi,0). Even assuming univalency 
the situation does not improve: the map f{zi, Z2) = (-Zi, \z2{l — Zi^) is a univalent self- 
map of B^ having a boundary regular fixed point at ei but its image does not contain 
eventually any cone with vertex at ei. 

The problem with the previous examples is that the Jacobian of the maps at ei is zero. 
In the next section we show that if this is not the case, then the range of the map close 
to the boundary point is "fat" . 

2.3. Range close to boundary super-regular fixed points. 

Definition 2.8. Let / : B" — )■ B" be holomorphic. The point ei is a boundary super- 
regular fixed point of / if it is a boundary regular fixed point of / and moreover for each 
M > 1 there exists c = c(M) > such that for any sequence {(k} C K{M, 2) which tends 
to 1 it holds liminffc^oo I det((i/^^ej| > c. 

Remark 2.9. Let / : B" — )■ B" be holomorphic. Assume ei is a boundary regular fixed 
point of /. As shown in [9l Example p. 183], the radial limit of det{dfz) at ei may not 
exist. In fact, by Theorem 12.41 it follows that det df^ is bounded in every Koranyi re- 
gion and Circa's theorem [HI Theorem 8.4.8] implies that if limr_i.i det((i/rei) exists, then 
Zk lim^^ei det df^ exists. If this is the case, ei is a boundary super-regular fixed point if 
and only if Zk lim^-^ei det dfzj^O. 

Lemma 2.10. Let c> 0. Let 7^ := {/ : B" ^ B" holomorphic : /(O) = 0, | detc//o| > c}. 
Let t! G (0, 1). Then there exists r' = r'{c,t') > such that B(0,r') C /(B(0,t')) for all 

feJ^,. 
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Proof. Assume this is not the case. Then for all n G N such that 1/n < t' there exists 
Zn e B(0,t') with \zn\ < 1/n and /„ G such that ^ /(B(0,t'))- Since ||/n(-2)|| < 1 
for all 2; G B", and /„(0) = 0, {/„} is a normal family and we can assume it is uniformly 
convergent on compacta to a holomorphic map / : B" — )■ B" such that /(O) = 0. Since 
d{fn)o dfo, the map / G J'c- Therefore there exists 6 > such that B(0, 6) C /(B(0, t')). 
Hence, eventually B(0,(5/2) C /„(B(0,t')), which contradicts the choice of {zn}- □ 

Theorem 2.11. Let / : B" — )■ B" be holomorphic. Assume that ci is a boundary super- 
regular fixed point of f . Then for every rj > and M > 1 there exist s G (0, 1) and r > 
such that 

(2.10) U i?fc(/(Cei),r)) c/(B"nB(ei,r/)), 

CgA'(Af,s) 

where Bk{x, R) denotes the Kobayashi ball of center x G B" and radius R > 0. 
Proof. For 2; G B", let us set 



1 - II^P' ' ' 1 + Riz) 

Let ( G K{M,s), for some s G (0,1) to be chosen later. Let S* be a parabolic au- 
tomorphism of B" fixing ei such that S{(ei) = r{(ei)ei. Next, let $ip be a hyper- 
bolic automorphism of the form (12.31) with to = | log i-r(Cei) ~ ^ log -R(Cci)^^^- Hence 
*to(0) = r(Cei)ei. 

let T be a parabolic automorphism of B" fixing ci such that T{f{(ei)) = r{f{(ei))ei, 
and let $ti be a hyperbolic automorphism of the form (12.31) with ti = | log = 
-log/?(/(Cei))i/2. Hence $^,(0) = r(/(Cei))ei. 

Now, let g'^ := o T o / o S^^ o By construction, (7^ : B" — )■ B" is holomorphic 
and g'^{0) = 0. Moreover, 

(2.11) det dg^ = det($(^^)r(/(^ei))ei ■ det dTfi^^ei) ■ det df^^e^ ■ det dS~^^^^^^^^ ■ det (i($jJo- 



Since / is (uniformly) continuous on K{M, s) for any s G (0, 1) and \imK(M,s)B(^i /(C^i) = 
ei, and since det dTe^ = det dSe^ = 1, it follows that there exists sq G (0, 1) such that for 
all s G (0, So) and for each ( G K{M, s) it holds 

(2.12) I det dS^ei I < 2, | det dTf^^e^) I > ^ • 
Therefore, since det dS~^^^^^-^^_^ = detdS^^^^^-^ = (det rfS'^eJ"^, it follows that 

(2.13) \ det dS-}. ^ I > -. 



n+1 
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Also, 

det($7/)^(/(^ei))ei = detd(<l>7/)$,^(o) = (det(rf<l>t Jo)"^ = (coshti; , 

detrf(<l>iJo = (coshto)-^"+'^ 

Finally, taking into account that ci is a boundary super-regular fixed point of /, there 
exists Si G (0, Sq), and c > such that |(i/^eil > c for all C e -ft'(M, s) C /^(M, 2) for all 
s e (0,si). From ^AT\f . f l232|) . fl27[3|) . f l27[il) we obtain 



A. c / coshti 
1^ 



n+1 

^^ / (•( JSII /.-I \ 

, det dqk I > - , 
' - 4 Vcoshto 

A direct computation shows that, for ( G K{M,s), 

coshti _ l + /?(/(Cei) / /?(Cei) 
coshto l + i?(Cei) ■ U(/(Cei))y' 

1|2 



l-||/(Cei|r I |l-/i(Cei)r 1 1^12 / n AI2 1 II \ll2\l/2 



(2.15) 



> 



> 



1 + l-|l/(Cei)IP V|l-/i(Cei)P 1-ICP 

'-¥w^ i-icp ii-ci A-ii/(cei)ir 



l + M|l-C|l-||/(Cei)P|l-/i(Cei)| V 
1 ll-Cl /l-||/(Cei)ir 



l + Ms|l-/i(Cei)| V 1-ICP 

Let a := a/(ei). Since a = liminf2_^ei(l — ll/(-2)||)/(l — Ikll); there exists S2 G (0, Si) 
such that for all s G (0, Si), it holds ^^Y^^^^l^^^' > a/4 for all C G K{M, s). 

Also, since ei is a boundary regular fixed point for / by Theorem 12.41 (2) it follows 
that there exists S3 G (0,^2) such that for all s G (0,53), it holds < 2a for all 

C G K{M, s). Using the previous estimates in (12.151) . we conclude that there exists c' > 

such that f > c' and hence | det dg^\ > c" := cc'/A. 

Therefore, for all C ^ K{M, S3), the map G -Fc", where J^c" is defined in Lemma [2. 101 
Thus, by Lemma 12.1 0[ for every t' G (0,1) there exists r' G (0,1) such that M{0,r') C 
^^(B(0,t')) for all C e K{M,S3). 

Now, for a' > set a = ^logj^^. Since automorphisms of are isometries for /cb" 
and B(0, a') = Bk{0, a), by the very definition of g'' it follows that for all C G K{M, S3) 

5fc(/(Cei),r) = r-i($,,(B(0,r')) C /(5-i(<l>,„(B(0, t'))) = f{B,{Ce^,t)). 

Finally, let 77 > be as in claim (I2.10p and choose s G (0, S3) such that for each C £ 
K{M,s), it holds Bk{C^i:t) C B" HM^ei,!]). This can be done because the Euclidean 
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diameter of a Kobayashi ball of fixed radius tends to zero when the center tends to ei. 
Hence for any ( G K{M, s), 

Bk{fi(e^),r) C f{Bki(e,,t)) C H B(ei, r/)), 

and fl2.10p is proved. □ 

As a consequence, we have that any subset A C B" which is non-tangentially asymptotic 
at Ci is eventually contained in the range close to a boundary super- regular fixed point: 

Theorem 2.12. Let / : B" — )■ B" be holomorphic. Assume that ei is a boundary super- 
regular fixed point of f . Then for every rj > and for every A C B" admissible at ei there 
exists 5>0 such that A nn{ei, 6) C /(B(ei, 77) n B"). 

Proof. Let 77 > 0. Let s,r > be given by Theorem 12.111 Let < e < r. By Corol- 
lary |2J] there exists 6 > such that k^niz, f{K{M, s)ei)) < e for all ^ G A n M{ei,S). 
Therefore, any z & ACl B(ei, 6) is contained in a Kobayashi ball centered at some point 
of f{K{M, s)ei) and with radius at most e < r, hence by Theorem 12. IH it is contained 
in /(B" n B(ei, r/)), as stated. □ 



3. Strongly pseudoconvex domains 

Let C be a bounded strongly pseudoconvex domain with smooth boundary. Let 
p G dD. We denote by the outer unit normal vector to dD at p. For z,w & C", let 
d{z, w) = \\z — w\\. A cone C{p, M) with vertex p and amplitude M > 1 is defined as 

M):={zeD: d{p, z) < Md{z, dD)}. 

We say that a sequence {z^.} C D tends to p normally non-tangentially if z^. ^ p and 
for all G N there exists G C such that z/^ = Ck^^p ^ind there exists M > 1 such that 
{zu}(lC{p,M). 

Definition 3.1. Let D,D' C be two bounded strongly pseudoconvex domains with 
smooth boundary. Let f : D ^ D' he holomorphic. A point p G dD is said to be a 
regular contact point for / if 

. ^ d{f{z),dD') ^ , 
limmf — - — - — ^ — < +00. 

DBz^p d{z, dD) 

The point p is said to be a super-regular contact point for / if it is a regular contact point 
for / and moreover for every M > 1 there exists c = c(M) > such that 

lim inf | det dfz,. \ > c, 
k—^00 



for every sequence {zk} C C{M,p) which converges normally non-tangentially to p. 
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In [31 Theorem 0.2] M. Abate proved that if / : D — )■ D' is a holomorphic map between 
two bounded strongly pseudoconvex domains and p G dD is a regular contact point, then 
an analogous of Rudin's theorem 12 .41 holds. In the proof of our main Theorem 13.61 we will 
make use of part of Abate's theorem. For the reader convenience we state here what we 
need from [31 Theorem 0.2]: 

Theorem 3.2 (Abate). Let D,D' C C" be two bounded strongly pseudoconvex domains 
with smooth boundary. Let f : D ^ D' be holomorphic. Assume p G dD is a regular 
contact point for f . Then there exists q G dD' such that 

(1) limg(o,i)3r.^o fiP - ru^) = q, 

(2) limg(o,i)3r^o(c?/p-rvo(t'^),z/f' ) exists finitely. 

Also, we will make use of the following recent result by the second named author with 
E. F. Wold and K. Diederich [S]: 

Theorem 3.3. Let D G C"' be a bounded strongly pseudoconvex domain with smooth 
boundary and let q G dD. Then there exists a biholomorphism $ from an open neighbor- 
hood ofD such that C and = Ci. 

Definition 3.4. Let D C C" be a bounded strongly pseudoconvex domain with smooth 
boundary. A subset A G D such that p G A is admissible at p G dD if for every e > 
there exist 6 > and M > 1 such that 

(1) {z, v^)v^ G C(p, M) for all z G A n B(p, 5), 

(2) koiz, Tx{z)) < e for all 2 G A n B(p, 5), 
where ko denotes the Kobayashi distance in D. 

Lemma 3.5. Let D G be a bounded strongly pseudoconvex domain with smooth bound- 
ary. Any cone C{p,M) G D with vertex p G dD and amplitude M > 1 is admissible at 
p. 

Proof. It is enough to note that if i? C -D is a Euclidean ball tangent to p, then every 
cone C{p, M) is eventually contained in B and C(p, M) fl i? is contained in a cone in B 
with vertex p. Hence by Lemma [2.31 it is admissible in B. By the monotonicity property 
of the Kobayashi distance, k£, < ks and hence the result follows. □ 

Our main result is the following: 

Theorem 3.6. Let D,D' G C" be two bounded strongly pseudoconvex domains with 
smooth boundary. Let f : D ^ D' be holomorphic. Assume p G dD is a super-regular 
contact point for f . Then there exists a point q G dD' such that for every t] > and for 
every A G D' admissible at q there exists 6 > such that A fl B(g, 5) G f{M{p, r]) (1 D). 

Proof. Up to rotations and dilations, we can assume that p = ei and B" C -D. Moreover, 
by Theorem 13. 3[ we can assume that q = ci and D' G B". In particular, with these 
choices, I'p = Vq = Ci. Hence, the map := /|b" : B" C -D — > -D' C B" is a holomorphic 
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self-map of B" and by Theorem 13.21 (1). limg(o,i)3r-i.i = ei. We claim that ei is a 

boundary super-regular fixed point for g. Since ei is a super- regular contact point for 
f : D D', in order to show that Ci is a boundary super-regular fixed point for g, we 
only need to show that 

(3.1) liminf 1^^^^ < +00. 



z^ei 1 



By Theorem 13.21 (2). we have 



lim {dgreA(^i),ei) = lim {dfp_^^p{iyj^),iy^') = L, 

for some L G C. Let h{() := {g{(ei),ei). Hence h is a holomorphic self-map of © 
and limr_>i /i(r) = 1, lim^-^i /i'(r) = lim(o,i)9r-!.i(c?5'rei(ei), ei) = L. By the mean value 
theorem applied to the real and imaginary part of (0, 1) 3 r h{r), it follows that 

lim ^ -"<•■' ' 



>i 1 — r 
Therefore 

I..nmf'-Ilffl < limint i^MllflM < ltoi„f ^ " lto(re.),e.>| 

z^ei 1 — \\z\\ (0,l)9r^l 1 — r (0,1)9»'^1 1— r 

, 11 - h(r)\ , 
< limmf = \L\ < +CX), 

(0,l)9r^l 1 — r 

as needed. 

Now, note that A is admissible at ei not only as a subset of D but also as a subset of 
B". Indeed, its projection into Cci is eventually contained in a cone in D and hence in 
B"', also, the Kobayashi distance is monotonic and then k^n[z, 71(2)) < k^iz, vr(z)) < e for 
all z G A close to ei. Thus, we can apply Theorem 12. 121 to g and, since ^'(B"' nB(ei, r^)) C 
f{D n B(ei, 77)) for all 77 > we get also the result for /. □ 

Remark 3.7. On the one hand, it would be interesting to give a direct proof of Theorem 
13.61 without using the embedding Theorem 13. 3 [ but using instead the full Abate's version 
of Rudin's theorem for strongly pseudoconvex domains and suitably adapting our proof 
of Theorem 12.121 However, aside using Rudin's theorem, our argument in the proof of 
Theorem I2.12l is strongly based on the existence of a family of good automorphisms of B", 
and it is not clear how to bypass such an argument for strongly pseudoconvex domains. 

On the other hand, it would be interesting to prove (13. ip without using Abate's Theorem 
13.21 If this were possible, the previous method would allow to prove Abate's version 
of Rudin's theorem for strongly pseudoconvex domains directly by means of Rudin's 
theorem. 
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4. Images of regular contact points by univalent mappings 

Theorem 4.1. Let D,D' C be bounded strongly pseudoconvex domains with smooth 
boundary. Let f : D ^ D' be a univalent map and assume x G dD is a super-regular 
contact point for f , and denote by f{x) G dD' the non-tangential limit of f at x. If 
y G dD is a regular fixed point for f then f{x) ^ f{y)- 

Proof. Assume by contradiction that f{x) = f{y)- Up to rotations and dilations, we 
can assume that y = ci and B" C -D. Moreover, by Theorem 13. 3[ we can assume that 
f{x) = ci and D' C B". Let g := /|b" : M"" G D ^ D' G M"", seen as a holomorphic self- 
map of the unit ball. Arguing as in the proof of Theorem 13. 6[ we see that ci is a boundary 
regular fixed point for g. Hence, the curve F : (0, 1) 9 r i— )■ g{rei) is admissible at ei 
by [H Lemma 2.2]. In fact, g maps Koranyi regions into Koranyi regions because ei is a 
boundary regular fixed point (see, e.g., [9l Theorem 8.5.4]), hence (0, 1) 9 r i— )■ n{g{rei)) 
is non-tangential and it is asymptotic by f|2.5p . 

Let i? C -D be an Euclidean ball tangent to dD at p. Consider h = fls '■ B G D ^ 
D' C B" as a holomorphic map from i? to B". By Theorem 13.61 it follows that for every 
?7 > there exists 5 > such that T n B(ei, 5) C h{B n B(p, 7])) C f{D n B(p, r])). For 77 
small, this contradicts the univalency of /. □ 

In dimension one, regular contact points and super-regular contact points are one and 
the same, and Theorem 14.11 recovers [TJ Lemma 8.2]. In higher dimensions however, a 
univalent mapping can send two different regular contact points (but not super-regular) 
to the same point, as the following example shows: 

Example 4.2. Let (y9 : D — t- D be a holomorphic mapping with the following properties: 

(1) y.(D)c{CGD:|C-l|<l/2}, 

(2) if extends smoothly up to the boundary and </'(— 1) = ^iX) = 1, 

(3) there exist < r_i,ri < 1/2 such that the two open discs A = D(— 1, r_i), i? = 
D{l,ri) are disjoint and ip restricted to D \ A and restricted to D \ 5 is univalent. 

Such a map can be constructed by taking the Riemann mapping from the unit disc to 
an open simply connected Riemann surface with smooth boundary in which sits on a 
helicoid a project the image back to C. 

Now, let C : D ^ H := {C G C : Re C > 0} be the Cayley transform C(C) = (1 + C)/(1 - 
C). Let (j) := CoifoC-^. Set Rq := r_i/(2-r_i). Roc = (2-ri)/ri and let D{x,R) denote 
the Euclidean disc of center x G C and radius R > 0. Then U = C{A) = HI fl D{0, Rq) 
and V = C{B) = H \ L)(0, /?oo)- The set (/)(H) is contained in {C G C : Re C > 3} and ^ is 
univalent in EI \ [/ and in EI \ "K. Moreover, limH3(^o 10(C) I = limngf-j-oo |0(C)| = 00. Let 



:= lim ^. 

(0,oo)9r->-oo r 
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Such a limit exists, a > and moreover Re 0(C) > aRe^ for all G EI by the Julia- Wolff- 
Caratheodory theorem (that is Theorem 12.41 for n = 1 in its right-half plane formulation, 
see, e.g. [H Corollary 1.2.12]). 

Let := {{z,w) E : Re2; > For 5, e > we define a map $ : as 

follows 

^iz,w) = { 0(^), , + 



l + (j){z) 1 + z^ 

The map $ is clearly holomorphic, and we claim that, for sufficiently small 5, e > it maps 
into and it is univalent. Assume this is the case, let C{z,w) := (1 + z,w)/{l — z) 
be the Cayley transform from onto H^. Let / := C"^ o $ o C. Then / : ^ BMs a 
univalent map. Moreover, ±ei are regular contact points for /. Indeed, fi{z,w) = ip{z) 
which is smooth at ±1 and ^^(±1) = 1. Hence 

^■^.^fl-||/(±reO|| ^ i.^.^f|l-V^(±^)L |^'(±i)| < +00. 

r— >1 1 — r r— >-l 1 — r 

Also, by construction /(±ei) = Ci. 

We are left to show that we can find 6,e > such that 

(1) $(H2) C H2, 

(2) $ is injective. 

(1) Let {z,w) Gtf. Since 11 + 0(^)1 > l + Recpiz) > 1 + 3 = 4 and \z\/{\l + z\) < 1, 



11 + 0(^)1 - 4 \l + z\ 

Let e > be such that < 3/4, and let 5 > be such that 6 < 2. Since 3 < Re0(2;) and 
Re(j){z) > aRe^, 



y/a6w ^ ez 



1 + (j){z) 1 + z 





z\ 


2 


\l + z 


2 



l + 0(z)P |1 + 2|V - V(l + 3) 



aw 



<:^+3^^+RiM<^ + MM<Re0(,) 
-2 2-2 2 -2 2 -^^^ 



proving that ^{z,w) G H^. 

(2) Suppose $(^0) Wq) = $(^1, Wi). If = 2:1 then clearly wq = Wi, so assume Zq 7^ Zi. 
Then a := 0(zo) = 4>{zi) which, up to relabeling, implies Zq E U and Zi G V. That is, 
llw^oll^ < Rqzq < \zq\ < Rq and \zi\ > R^o- Thus 

y/aSwQ ^ ezo y/a6wi ^ ezi 



1 + a I + Zq 1 + a 1 + zi 
Note that for all {z,w) G If, 



1 + 



2 



a6'^\w\^ 6'^aRez 6'^Re(h(z) ,n 



|1 + 0(2)|2 - \l + (j){z)\^ - |1 + 0(2))| 
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Hence, 

1 + it!oo 
Therefore, 



-S < 



ezi 



a5wi 



< 



1 + a 



+ 



ezi 



Rr 



l + Zi 

Ro 



+ 



ezo 



1 + a 1 + zo 



<S+ 



eRn 



Rn 



But 



Ra 



Rq 
1-Ro 



1 + -Roo 

l-ri/2-r_i/(2-2r_ 



< 26. 



l-Ro. 

l>l-l/2-l/2>0, hence, if 6 is sufficiently 



smaU the previous condition is never satisfied and the map is univalent. 
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